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Abstract

For a family of Poisson algebras, parametrized by r € Z, and an associated
Lie algebraic splitting, we consider the factorization of given canonical
transformations.  In this context, we rederive the recently found rth
dispersionless modified KP hierarchies and rth dispersionless Dym hierarchies,
giving a new Miura map among them. We also found a new integrable
hierarchy which we call the rth dispersionless Toda hierarchy. Moreover,
additional symmetries for these hierarchies are studied in detail and new
symmetries depending on arbitrary functions are explicitly constructed for
the rth dispersionless KP, rth dispersionless Dym and rth dispersionless Toda
equations. Some solutions are derived by examining the imposition of a
time invariance to the potential rth dispersionless Dym equation, for which
a complete integral is presented and, therefore, an appropriate envelope leads
to a general solution. Symmetries and Miura maps are applied to get new
solutions and solutions of the rth dispersionless modified KP equation.

PACS numbers: 02.40.Ky, 02.30.1k, 02.50.Ey
Mathematics Subject Classification: 58B20, 35140, 35165

1. Introduction

The study of dispersionless integrable hierarchies is a subject of increasing activity in the
theory of integrable systems. This was originated in several sources; we mention here the
pioneering work of Kodama and Gibbons [1] on the dispersionless KP, of Kupershimdt
on the dispersionless modified KP [2] and the role of Riemann invariants and hodograph
transformations found by Tsarev [3]. The important work of Takasaki and Takabe [4—6] gave
the Lax formalism, additional symmetries, twistor formulation of the dispersionless KP and
dispersionless Toda hierarchies; see [7] for the dispersionless Dym (or Harry Dym) equation.
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The appearance of dispersionless systems in topological field theories is also an important
issue, see [8, 9]. More recent progress appears in relation with the theory of conformal maps
[10, 11], quasiconformal maps and d-formulation [12], reductions of several type [13, 14],
additional symmetries [15] and twistor equations [16], on hodograph equations for the Boyer—
Finley equation [17] and its applications in general relativity; see also [18, 19]. The approach
given in [20] to the theory is also remarkable. Finally, we comment on the contribution to
electrodynamics and the dispersionless Veselov—Novikov equation [21].

Recently, a new Poisson bracket and the associated Lie algebra splitting, therefore using a
Lax formalism and an r-matrix approach, were presented in [22] to construct new dispersionless
integrable hierarchies and, later on (see [23]), the theory was further extended. We must remark
that, since the work of Golenischeva and Rieman [24] and Li [7], the possibility for a r-matrix
formulation of dispersionless integrable systems was known.

In this paper we shall use this new splitting together with a standard technique in the theory
of integrable hierarchies, the factorization problem, to get a new dispersionless integrable
hierarchy, which we call the rth dispersionless Toda hierarchy (for r =1 we get the well-
known dispersionless Toda hierarchy). The use of the factorization problem allows us an
analysis closer to the dressing group technique of Segal-Wilson [25]. For that aim we
consider the Lie group of canonical transformations associated with a particular Poisson
bracket together with a factorization problem induced by a r-matrix associated with a canonical
splitting of the corresponding algebra of symplectic vector fields [22]. These new hierarchies
contain dispersionless integrable equations derived previously in [22]—which we call rth
dispersionless modified KP and rth dispersionless Dym equations (for » =0 we obtain the
well-known dispersionless modified KP and dispersionless Dym equations).

In [26] the Miura map among the dispersionless modified KP and dispersionless Dym
equations was presented; here we extend those results to the present context. We also
study in detail the additional or master symmetries of these hierarchies; in particular for
the three integrable equations, rth dispersionless modified KP, rth dispersionless Dym
and rth dispersionless Toda equations. We get new explicit symmetries depending on
arbitrary functions, in the spirit of the symmetries given in [18] for the dispersionless KP
equation.

Later we find a complete integral for the #,-reduction of the potential rth dispersionless
Dym equation. Thus, using the method of the complete solution, an appropriate envelope
leads to its general solution. Then, when the symmetries are applied we obtain more general
solutions, non-#, invariant of the potential rth dispersionless Dym equation. Using the
Miura map, new solutions of the rth dispersionless modified KP equation are obtain and
the corresponding functional symmetries are applied to get more general families of solutions.
Finally, we also derive from the factorization problem twistor equations for these integrable
hierarchies.

We have developed, in [27] the hodograph reduction technique to get ample families of
implicit and explicit solutions to the r-dmKP and r-dDym hierarchies.

The layout of this paper is as follows. In section 2 we consider the Lie algebra setting,
the factorization problem and its differential description; Lax functions are given as well.
Then, in section 3, the corresponding integrable hierarchies are derived together with the
Miura map. Next, in section 4, we introduce Orlov functions and show how the factorization
problem constitutes a simple framework to derive the corresponding additional symmetries of
the integrable hierarchies. In particular, additional symmetries (which depend on arbritrary
functions of #,) of the integrable dispersionless equations discussed in section 3 are found.
Finally, in section 5, some solutions of these integrable hierarchies and section 5 a twistor
formulation of these dispersionless integrable hierarchies derived from the factorization
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problem are given. In a forthcoming paper we will give a twistor formulation of these
hierarchies which is derived independently of the factorization problem.

2. Factorization problem and its differential versions

We shall work with the Lie algebra g of Laurent series H(p,x) :== ), <7, Un (%) p" in the variable
p € R with coefficients depending on the variable x € R, with Lie commutator given by the
following Poisson bracket [22]:

Observe that for each r € Z we are dealing with a different Lie algebra; notice also that
this Poisson bracket is associated with the the following sympletic form:

w:=pdpAdx.

2.1. The Lie algebra splitting
We shall use the following triangular type splitting of g into Lie subalgebras:

g=9-D 91Dy, (D

where
gz = Clun ) p" Yz (1-n)>» gi—r = Clu(x)p'™"},
and fulfil the following property:
{9,011} = g>.
If we define the Lie subalgebra g3 as
9> =01 D 9>,
we have the direct sum decomposition of the Lie algebra g given by
g=0-9Dg>. @

We remark that allowing the variable p to take values in C we have the following
interpretation for the above splitting (2). Suppose that g is the set of analytic functions in some
annulus of p=0. Then, H € g_ iff H(p)p~'*" is an analytic function outside the annulus
which vanishes at p = co. On the contrary, a function H € g if H(p)p~'*" has an analytic
extension inside the annulus.

Observe that the induced Lie commutator in g;_, is

{f)p' ", gx)p' " =1 -nW(f,p"",

where W(f, g) := fg.— gfx is the Wroniskian of f and g. Only when » = 1 the Lie subalgebra
g1—, 1s an Abelian Lie subalgebra.
An alternative realization of g is through the adjoint action

ad: g — X(R?), H > ady = {H,},
so that
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2.2. The factorization problem

Given an element H €g, the corresponding vector field ady generates a symplectic
diffeormorphism (canonical transformation) @, given by
=1
Dy = 2(:) —(adn)".

This transformation corresponds to the element 2 = exp(H) belonging to the local Lie group
G generated by g. In fact, &y = Ady, the adjoint action of the Lie group G on g.

In what follows, we shall denote by G.,Gi_,,G- and G the local Lie groups
corresponding to the Lie algebras g, gi—,, g- and g, respectively.

Given h, h € G in the local Lie group G, the finding of 1. € G- and h> € G such that
the following factorization holds

heo-h=hs-h, 3)
will play a pivotal role in what follows.
Furthermore, given two sets of deformation parameters (f1,%,...) and (¢,,...) and
corresponding elements in the Lie algebra g

(p) =t +6up "+ eg., tp):=tip " +hHp '+ eg.,

we shall analyse the following deformation of (3):
Ve exp(D) - h =y - exp(@) - h. “)
Notice that there is no loss of generality if we set 24 = 1 in (4) so that

exp(?) - h-exp(=1) = Y- - Y. ®)

2.3. Differential consequences of the factorization problem

A possible way to study (4) is by analysing its differential versions, i.e. by taking right
derivatives.
Given a derivation 9 of a Lie algebra g, see [4, 28], one defines the corresponding right
derivative in the associated local Lie group by
-1
oh-h' = ad H)"(0H), h:=exp(H), HE€g. 6
;(Hl)!( )" (9H) xp(H) o ©

Observe that, in [4], one has the notation Vg H = dh - h~!, while in [28] the notation 9k
is used. We have the two important equations [4]

d(hhy) - (hihy) ™" = 0hy - hy' + Ad hy (9hy - hy")
dhY) - (kD) = —Ad(h ") (@R - hTY).
Hence, by taking right derivatives of (4) with respect to

0, 1= —,
ot,,
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we get
Y~ Y +Ady_(p"T) = 0,95 - ¥,

O ¥ = 0,0 - Y + Ady(p' ).

If we further factorize

1/f> = wlfr . W>,

equation (7) decomposes, according to (1), into the following three equations:

-y + P.Ady_p"tT =0,

Py Ady_p" T = 0y,

P_Ady_p"t' = Ady, 3,9~ - YD),
Similar considerations applied to (8) lead to

I~ -y =Ady,  P.Ady p'"",

0= 8y - ¥i, + Ady, PryAdy p'™™",

0=0,¥- -¥_'+P.Ady_p'" "

N
(®)

C))
(10)

(11)

12)
(13)

(14)

Now we show that we can interchange the roles of g and g3. For this aim we introduce

the map

F:R?> > R?, (p,x) = (p :=1/p,x' = —x),

(15)

which together with ¥’ = 2 — r may be considered as a “canonical transformation in the sense

that the canonical form Q2 = p~" dp A dx transforms onto

Q = (p)"dp Adx.
If we denote

05 == Clu, (P haza-rs gy = Clu@p'™"),
then
g — g/<’ gi—r — g/l—r” g< — 9,>-
Observe that
tp)=tip” +6p "+ = () )T T =T,
i(p)=tp” +0p” = LT+ R =1 ().

Thus, #, = #, and 7, = t,. Finally, the factorization (4) transforms as

Vo -exp®) -h =Y, Y. -exp(@)-h — "L -y -exp) - h =y -exp(@) - h.

(16)
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With these observations is easy to see that our map transforms equations (9), (10) and (11) into
(14), (13) and (12), respectively.
2.4. Lax formalism

Equations (9)—(14) can be given in a Lax form; for that aim we first introduce the following
Lax functions:

L :=Ady_p, £:=Ady_p, L:=Ady, €=Ady p (17)
in terms of which equations (7) and (8) read as
anw< . 1/,;] — 8n1/f> . w;l _ Ll’l"rl—r, 5nw> . :1 — 5nw< . Zl _ Ll—r—n’
so that
anw< . w;] — _P<Ln+17r’ anw> . w;l — P>Ln+lfr’
i _ _ _ (18)
ooyt =P LI, s -3 = —Ps L',
and therefore the following Lax equations hold:
L ={—P_L"""" L}, 0L = {P>L"""", L},
_ _ _ _ _ (19)
O, L ={P_L'"""" L}, oL ={—PsL'""" L}.

To deduce these equations just recall that if B = Ady b, and 9 is a Lie algebra derivation, then
9B ={d¢ - ¢~', B} + Ady b.

For a further analysis (18) is essential to get the powers of L and L. In the following
proposition we shall show how the powers of the Lax functions are connected with W_, W,
and &, the infinitesimal generators of ¥ _, .. and y;_,, respectively,

Yo i=exp(V.), V_ =W p 4+ Wp 4.
> =exp(¥.), U =02 U 4 (20)
Y1, = exp(&p' ™).

Proposition 1. We can parametrize L™, £ and L™ in terms of W,, V,, and & as follows:

L" = p" 4ty p" ™" + i "7 A umap" 7+ O(p" Y, p— o0 1)
Zm — pm + Dm,OPerl + l_)m,lpm+2 + ﬁm,zpm+3 + O(pm+4)’ p— O, (22)
Ltn = Izm,—lpm + L_lm,OPmH + lz_lm,lpm+2 + I/_lm,me+3 + O(pm+4)’ p— 0’ (23)

where the first coefficients are
Umo = _m“pl,x’
= m(=Wo + 3 (W W1+ (m = DY),
(24)
Unp = m(_‘plx + %((V + 1)\p2w1,xx + (2m - 3)\111,x“p2,x + rq’lwlxx)

— 3 (PUIY o + 7 4 3m — S W W W+ (m— D(m = 2)8 ),
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l_)m,O = _mqll,x’
O = m(=W e = 3(2 = NV W) — (m + DY),

- - o (25)
l_)m,Z = m(_qjix - %((3 - r)qJqul,xx - (2m + 3)\1’1’)(‘112,)( + (2 - r)qJ]\IJZ,xx)

_%((2 - r)zlp%qjl,xxx + (2 - r)(r + 3m + 2)\1]1@1,):"1’1,” + (m + 1)(m + 2)"1’?,)5))’

and
£o X\ N X gy
i = ( £ ) Up,j o X, : %Zl_r’ r#1,
exp(—(m + 1+ &)U, s r=1.

Proof. To evaluate L™ we recall that L™ is connected to p” through a canonical transforma-
tion by

L™ :=Ady_p" = p" +{Wo, p"} 4+ Y AW, p" N 4 Vo (Vo (W, p" P+
and compute the first Poisson brackets to obtain
(W, p"} = —mWy,p" ' —mWy p" % — mWs,p" 7+ 0",
(Wo AV, P = mrW W+ (m — DY )" =2+ m((r + DWWy
+@2m = 3y Wy + 1P o) P 4 O(p" Y,
(W AV AW, p" ) = =P W) o+ (4 3m — HW W W

+ (m— D(m —2)W H)p" 7 +0(p"

when p — co. Summing all terms and collecting those with the same power on p we get (24).
For ¢ we use

Em = Ad 1/f>Pm = pm + {\I’[>, Pm} + %{\IJ>’{\IJ>, Pm}} + %{\Ij>,{\lj>7{\lj>’ Pm}}} +--

and we get equations (25). An alternative way to deduce this is to use the intertwining
transformation (15), (p, x) — (1/p, —x) togetherr — 2—r, thatintertwines g-. and g.. Thus,
the expressions for v, ; are obtained from those for u_,, ; by replacing 0JW, by (—1)/ RV
andrby2 —r.

As L" = Ad,,,HZ’" and we have already obtained the expansion of £ in powers of
p, to compute L”, we need to characterize Adexpepr-r (@(x)p"), ie. to characterize the
canonical transformation generated by £p'~". For that aim it is useful to perform the following
calculation:

adg,i— (p(x)p") = {Ep" ", p(0)p"} = ([(1 — NED, — nE(P) p",
so that

Adexp(ép‘*")(d)(x)pn) = [CXP((I - r)éax - ngx)d)(x)]pn-
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For r = 1, i.e. when g;_, is an Abelian Lie subalgebra, the action is easy to compute

Adexpe(p(x) p") = exp(—né&,)p(x)p".
However, for r # 1, the situation is rather more involved. Let us analyse this non-Abelian
situation. The function ® := exp(A((1 —r)£d, —n&,)¢(x) is characterized, in a unique manner,
by the following initial condition problem for a first-order linear PDE:

P = (1 = rEdP — n& P, Plh—o = &,

whose solution is

X —n/(1-=r)
(1 x) = (X (x)) (g( (x))) .

&(x)
Hence
EX () 1 A
( ) d(X(x)p", ) (I=r, r#1l,
Adexpgpr—n) (@(x) p") = * (26)
exp(—né,(x))p(x) p", r=1.
O
Observe that from the proof of the above proposition, we deduce that u,, ; = —mW; .+
U,.,; where U, ; is a nonlinear function of Wy, ..., W; and its x-derivatives.

3. The associated dispersionless integrable hierarchies

We now deduce the integrable hierarchies associated with the factorization problem (4),
namely the rth dispersionless modified KP, rth dispersionless Dym and rth dispersionless
Toda hierarchies.

3.1. The rth dispersionless modified KP hierarchy

Now we will study the consequences of (9) and derive a nonlinear PDE for u; o which resemble
the modified dispersionless KP equation, and was found in [22]. For the sake of simplicity we
write (9) as

anw< . w;l + P<Ln+17r — O
The right derivatives of 1 _, as follows from (6), are
<Y = 8V (W, W) V(Y 8 Y )
so that

8n’uﬁ< : 1/f21 = (an"I’l)P_r + (aanZ + %r(qjl,xanqjl - “Ill 8n\111,x))p7r71 + O(p7r72) (27)

for p — oo. Recall that when p — oo we have

L = " o gt P A 2 p" T+ O(p" )
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with u, i, ; = —(n +1 —r)W¥ 1 x + Upy1—rj, and U,11_,; a given nonlinear function
of Wy,...,¥; and its x-derivatives. Equation (9), together with (27), gives an infinite set of
equations, among which the first two are

8,,\111 = _(n + 11— r)‘“anrl,x + Un+17r,ns
0 Ws 4 Sr( W 8,91 — W19,V ) = —(n+ 1 — W0, + Upyi—rnri-

Thus, we get for W, ., j=1,2,..., expressions in terms of Wy,..., ¥, together with its
x-derivatives and integrals and also its d,-derivative. For the next flow we have

an-H \Ijl = —(i’l + 2 — r)“yn+2,x + Un+2—r,n+1 s

1 W2 4 Sr(W1 401 W1 — V18,1 W1) = —(n + 2 — DWWy + Unia—raso

from where it follows a nonlinear PDE system for (¥, ..., \V,), in the variables x, ¢, f,,+1.
In particular, if r # 2—when r = 2 the ¢,-flow is trivial—and n = 1,2 we get
1
You = 701+ S0V W+ (L= DV, (28)

3—r r
h¥ = —— (31 W) + (W, 01¥ — 1/flal‘l‘l,x))
2—r 2

r r—1
+G—r (-‘Pl,x‘yz,x + qulqjl,x\yl,xx - T‘Ij?,x) (29)
and, hence,
3—r B—nrnN1-r
Wi, = o L — T‘l’l,xx‘l’l,z,
B —-rr B-—nN1-r
- 2 _, \I/l,x 1xty — f\yiqul,xx' (30)
If we introduce
ui=ug=—V,, - u = f u(x) dx, (31)
X0
we get for u the following nonlinear PDE:
3—r B—-—rn1-=r _ r3—r) B—-—r1-=r)
U, = 2 (0 YU + Tux(ax Yuy, + T Uiy — 5 uu,.

(32)

This equation is similar to the dispersionless modified KP equation which is recovered for
r = 0, hence we called it rth dispersionless modified KP (»-dmKP) equation, note that it was
derived for the first time in [22]. Therefore we will refer to equation (30) as the potential
r-dmKP equation.

The t, flows for ¥-: From the intertwining property we find out that the 7,-flows for A
are derived from the ,-flows for W, by replacing r by 2 — r, and each 3, by (—1)/3]¥; so
that (30) can be written as

- L+r- A+rnl-r - -
Vg, = R S — L Wi
2—-r+r - - 1+rnd—-r) -, -
— %\pl’x\ylym + %\p%’xqjux
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or, in terms of v := v = —‘ifl,x,
1 1 1— 2 —r)(1 1 1—
5 = :;ra;lﬁm,] _ Wﬁxa;lﬁil " ( r)r( +7) o7, ( +r)2( r) 020y

3.2. The rth dispersionless Dym hierarchy

Here we shall discuss the consequences of equations (10) and (13). On the one hand, we may
rewrite (10) as

P L = 00y, Y
which in terms of /,_, := ‘/f1_71r = exp(—&p!~") reads as

iy Uit + Ady, (ns1—ra_1p"™") = 0. (33)
On the other, (13) reads as

i - Vi, + Ady,, (O1y—np1p' ™) = 0. (34)

At this point, it is useful to recall (26) which reads as

X (0™ f(X () p,s /X d (I=n, r#1,
Adexppi ) (f()P") = v &)

exp(—né.(x)) f(x) p", r=1,
where have used
_ X))
W
In particular, (26) implies, for r # 1, the following equations:
Adespiep - (¥) = X / oy
- (x) = X, —=0-r),
exp(§p'~") )
- X dx
Adeyp—gpi-ny () = X, —=—1-r).

Observe that X is the inverse function of X, i.e. X o X = id. This is also a consequence
x = Adexp(—gpi- (X (x)) = X(X(x)).  Finally, notice that when r=1 we have X(x)=
X(x) = x.

One can show that

1 39X ,_, X dx (1—n 20
—p —={0=-r), r ,
8w1,r . w;_lr = 1—r Xx X %-(x)
ogp T, r=1,
18X ., (¥ dx
_ — =D s —:—(1—}’), r#oa
Wi Y, =11 X x €O
—agp', r=1.
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We are now ready to tackle (33) and (34), which read

. X =—(1—PNups1—rn1(X), r#1,
( Ynt1-rn—1(X), r# (35)
ang = Upn—1, r = 1’
5n)( =—(1-nv —r—n,n— (X), r L,
) ) 1 1 # 36)
ang = —V—_pn—1, r=1.
Let us look at the consequences of (35) for n =1 and n =2 and recall (24):
X, =0 =12 =Y (X), r+l,
n=_ )( Wi(X), r# 37)
EI[ == _lpl,m r= 17
X, =—(1=n3G—rWuX)
=3V OV (X) + 2 =NV (X)D), r#l (38)
£, = —2(Wa, — 5 (W1 W) + V7)), r=1

We first analyse the case r # 1. The firstequation of (37), when r # 1, 2, gives the important
relation

W (X) = X (39)

1
1-n2-r
By introducing (28) into (38) we get

— 1 _ 1 _
X,=(10-n3-r) (ﬁwl (X) — Ewl,xaﬁ) ,

which we will manipulate. Firstly, we take its x-derivative

Xy =1 =1B =) (ﬁ%,,,x(k))?x - \vl,x(X)(\In,x(X))X) ;
secondly we see that

(X)X = (W1(X))y, = Y1 (XD X)X = (W1,(X), X = (W1:(X0)). X,
Therefore,

_ 1 o S . _
Xa,=01-r0C—=r <E((‘~I’1,X(X))t1 X = (V1x(X)) X)) — ‘I’l,x(X)(\I’Lx(X))x) ,

and recalling (39) we have

_ 3—r 1 - - 1 - -
Xy, = =, EXIIII X — :an X ). (40)
For r = 1 we introduce (28) into (38) to get

Szz = —2\111,,1 + \IJZ

1x°
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and taking the x-derivative we obtain
sxtz = _zwl,xn + 2lIll,xqjl,xx’
and recalling (36) for r=1is
SIQX - 251] éf])( - zslltl = 0' (41)
Upon the introduction of the variable
(X100 p 21,
V= 42)
expéy, r=1,
equations (38) and (39) transform onto
3= a1, 2
vy, = 22 V(O (VT )y (43)

which resembles the dispersionless Dym equation which appears for » = 0, hence we refer to
it as the rth dispersionless Dym (r-dDym) equation (for r # 2); this equation was first derived

in [22]. We shall refer to (38) as the potential -dDym equation.

From (36) we derive
X,
Et_] = - lij 1,xs

which, for r # 1, lead to

14+r (1 1
— X, = ~Xii X+ T X X,

r

and whenr = 1 to

Sl_zx + 25;1 %_l_lx + 2&1_11_1 = 0'

3.3. Miura map among r-dmKP and r-dDym equations

From (31), (37) and (40) we get

1

3
1-rnR2-r

sl] = us é = ax_] lOg U9

= (1 =nr¥(X), r#1,

Xp, = —(1 =1+ (P2(X)
+3(2 = DWW (X)) + 1 (X)),

& = —2(\112’)( + %(\qujl,xx + \ij%x)),

=u(X), X=0a_"v"", r#1,

r=1

(44)

(45)

(46)

(47)
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and

WY, === —-ru@ v, r#1,

(48)
3 '(logv), = u(x), r=1.
Equations (48) relate solutions « and v of the -dmKP (32) and r-dDym (43) equations.
If we derive the above relations with respect to x we get
u (07 = ! (logv),, r#1
X\¥x 2 —r t» ’ (49)

u, = (logv),, r=1.

In any case, observe that a solution v to the r-dDym equation provides us with a solution of the
r-dmKP equation, after the calculation of some inverse functions of X, but the reverse, givena
solution u of the r-dmKP equation (32) to get v a solution of the r-dDym equation (43) do not
follow from either from (48) or (49). Observe that, in [26], a similar Miura map was derived,
in a quite different manner, for the well known r = 0 case.

3.4. The rth dispersionless Toda hierarchy

Consider equations (11) and (12)
Adlﬁlfr P>Ln+17r =0, - ;1, Adl/,H,P<Z17r7” = 5n‘ﬁ< . ;1’

which, for n = 1, reads

Ady P.L* =0y -yl (50)

Ady, P U7 =8y ¢ (51)

Looking at the leading terms in p we obtain from (50) and (51) the following equations:

_ ()Z'X)—@—r)/(l—r), r;ﬁ],
MU lexpl&o), r=1,

(X700 r#£1,
Wr = { !

exp(&y), r=1.

Recal_l now e(_luations_ (39) and (44) which, taking into account X 1 (X) = =X, (x)/ X, (x) and
X7, (X) = —Xj7,(x)/ X (x), can be written as

1 X,

TNz,
v, = G-ne-nx,
_sl]’ r= 17
1 X;l
_ —_, I 7& 1,
\I’Il,x = (1 _r)r Xx
_st_lv r= 1,
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respectively. The compatibility of these equations lead to

(R)-C-n/a-n)y _ ! _lr)r (?) _o. (520)
1 X
oy 4 b Xy}
O e e (XX>11 o0, (52b)

when r # 1, while for » = 1 the equation is

(exp(§:))x + &7, = 0; (53)

these are new integrable equations, which we call rth dispersionles Toda (r-dToda) equation,
because for » = 1 the corresponding equation is the dispersionless Toda equation—known also
as the Boyer—Finley equation.

Equations (52a) and (52b) are the same equation, indeed. To prove it we just need to
evaluate equation (52b) on X and recall that X is the inverse function of X, X (X (x)) = x.

4. Additional or master symmetries

In this section, we deal with the additional or master symmetries of the integrable hierarchies
just described. We first introduced the Orlov functions M, M, in this context and consider
the construction of additional symmetries. We compute explicitly some of these additional
symmetries for the potential r-dmKP (30), the r-dDym (40) and the r-dToda (52a) equations,
finding explicit symmetries of these nonlinear equations depending on arbitrary functions of
the variable #,.

4.1. The Orlov funtions

In formulae (17) we introduced the Lax functions L,¢ and L, which are the canonical
transformation of the p variable through ¥ _, .. and ¥, respectively. Recalling that t and ¢
are functions of p only we can write these Lax functions as follows:

L =Ady_expips €= Ady_expips L = Ady_ expip-

The Orlov functions M, and M are defined analogously with the replacement of
p by x:

M = Ady_.expeX, m = Ady_expix, M = Ady, expix. (54)

In the next proposition we describe the form of the Orlov functions as series in the Lax
functions.

Proposition 2. The Orlov functions defined in (54) have the following expansions:

M= +wLl 2 +w L' +x+Q-NtL+@B—rul’+---, L— oo,
m=-—+ Dl 2=l +x+ 018 +nl>+---, L0,
M= - —r+DuL =L '+ X+ w0 L+wL*>+---, L—0,
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where, for example,

wy = —ry, wy = —(r+ D(¥ — 1r0 0y ),
=2 -n¥©), @ =3 =T — 12— NP @)V, (x),
w; = 2 —nN¥(X), w2 = (3= N(W(X) — 2 = NV X)WV (X)).

Proof. Now, taking into account that

ot
ad, x = {t, x} :pra = (2—r)[1p+(3 —r)[2p2+...

we evaluate

ot
Adespx = explad)(x) = x+ plon =x+ Q=ntip+ G=nnp’ + -

and, therefore,
M = Ad,/, (X -+ prﬁ> Advj (X) + Lr t(L)
= op = oL
=Ady_(x)+Q—ntL+ 3 —-nnl*+

To compute M we need to evaluate

ov_
=D,¥_,

d = lI,<, = r
ady_ (x) { x}=p p P

where
D, =
pi=P o p
Notice that D), is a derivation of the Lie algebra g:

D{f.8t=1{D,f. gt +1{f,Dyg}
Thus

1
Ad¢<(x)_x+2 pasY adl,_D,W_.=x+ D,y ¥,

where
DyW_ ==V p~ +(r+ DWp 2+ ).

We can compute now D,y - w;l:

Dy -y ' =D, V. + V., D,V )+

= —r¥p ' —(r+ DV — Ir(r — DU )p 2 + -

From
L" = p" +unop" ™ s P
we deduce
P"=L" — oL = (g — U1 Umo) L —
so that

M= 4wl 2w L™ +x+Q—nuL+G—nnl®+

CEIN

s

(55)
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where, for example,

wi =¥, wy ==+ DY - ¥,
For m and M we proceed in a similar manner. Firstly

1

_ or _ _
adyx = {f,x} = p’g =—riip ' —(r+Diap 7+

Adexp7 x =x+p’§—; =x—rtip =@+ Dhp 24+,
so that
m = Ady_(x) + Zr%? = Ady_(x) — il — 4+ DR+
M = Ady_(x) + ir%[{j) =Ady (x) —rii L7 = (r+ DL + -
Now
Ady (x) = x+ Dpyro. - 2!
and
DyW. =Q2-nN¥ip+@-n¥p’ +---.
Hence,

D,y -yZ' =D,V + LU, D, ¥} + -

=Q2-NUp+(@B-NL+1iC-nNA-PNY ¥ )p>+---

From

= pm + 7 Opm+ +7 pm+2 + ,
we deduce

pm = Zm — Dm’oszrl — (T)m,] - Derl,()V_Jm,())zmi2 -
so that

m= -4+ G=rY,— %(2 — W )0

+ Q=Y +x =l =+ DRI+

Therefore,
M=Ady, = —@+DLL? =L + X+ 0L +w,L%+ -, (56)
with

Wy = (2 =¥ (X), Wy = (3 =N (Wa(X) = 52 = NV (X)) |
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We now find the Lax equations for M and M. For that aim we compute
0u(Y<-expt) - (Y -exp)™ = 8y Y+ Ady_(p"T) = PoL
(P> -expl) - (Y -exph) ' =0y - Y3 + Ady. (p"H )= PLT

and conclude

Proposition 3. The Lax and Orlov functions are subject to the following Lax equations:

3L = {PsL"'7" L}, 3L = {Ps L' L},
iénL ={P_L'""" L}, 9, L={P_L"""" L},
M = {Ps L'~ M}, M = {PsL"T1" M},
{énM ={P_L'"7", M}, 0, M = {P_L'™"", M}.

4.2. Additional or master symmetries and its generators

Let us consider that the initial conditions #, h in the factorization problem describe smooth
curves h(s) = exp(H(s)), f_z(s) = exp(P_I (s)) in G—here H(s) and H(s) are curves in g. This
implies that the factors ¥ . = ¥ _(s) and ¥> = ¥>(s) in the corresponding factorization
problem do depend on s:

Y (s) - exp(t) - h(s) = Y= (s) - exp(D) - h(s). (57
If we introduce the notation
dh _dh -
F:= = Rl F = = k7! (58)
s s
and take the right derivative with respect to s of (57) we get
dy.  _ dy> _
TV Ay e (F(pa) = =12 U5+ Ady e i (F(p.0)
that implies
dl/f> —1 d1ﬂ< —1 ST 2
— = . - . :FL,M—FL,M
Vs = v = R M) — (L. M)
Now, we may split this equation into
dy. o
d Y =—-P(F(L,M) — F(L,M)),
s
dy- o (59)
1= VS = P(FWL, M) — F(L, M),

Equations (59) imply for the Lax and Orlov functions L, L, M and M the

Proposition 4. The Lax and Orlov functions are transformed by the additional symmetries
according to the following formulae:

dL _ o dm oo
i} _ (60)
oL ait

— = {P>(F(L,M) — F(L,M)), L},

= = = {P>(F(L,M) — F(L,M)), M}.

ds
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Without loss of generality, if we take l_z(s) = id, then F = 0 and (59) read as
dy-

i Yt = —P_(F(L,M)), (61)
S
d

g’j ys! = Po(F(L, M)). (62)

Alternatively, we could set /(s) = id so that

d;/’< Y = P(F(L,M)), (63)
S

d _

% 3 = —Po(F(L, M), (64)

Hereafter we shall assume that
F(L,M) =Y c;L'M’, F(L.M) =Y "¢;L'M’. (65)
Letus keept, =0forn > N and 7, =0 for n > N; then recalling (55) we have

M=WN+1=nNiyL¥+- + Q=L +x+w L™ +wL >+, (66)
M=—(+N-—DigL™N — o =L + X+ L+ L2+ - --. (67)

Notice that if we want to keep #, =0 for n > N within the transformation given by the sym-
metry, then (18) imply that the function F(L, M), when M is expressed as in (66), has no terms
proportional to L" forn > N —r + 1. But as F has the form indicated in (65) we only need
to impose this condition over each of the products LM/

LM/ =L(N+1=ntyLY +-- -+ Q=0 L +x4+w L7 +woL ™2 4 - )

=((N+1=nty)/ LN ... = ¢; =0ifi+ Nj>N—r+1.

Hence,

N—r+1 M .

n=1-r

with «,, analytic functions. .
The same reasoning may be applied to keep 7, = 0 for n > N, and the corresponding
condition is
o F—N+1 ) i _
F(L,M) = Z | —— )L (69)
n=1-r (N -1+ r)LiN

with &, analytic functions.

4.3. Symmetries of the potential r-dmKP equation

In the following lines we shall find three symmetries of the r-dmKP equation (30). Let us
suppose that N = 2,andn = 1 —r, 2—r and 3 —r, so that we have three different contributions,
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or generators, to F, namely

( M ) 1—r ( M ) 2—r < M ) 3—r
0| —= | L, 0| ——= )L and 0| —= | L.
(B —rL? (B —rL? (B —rL?

We first observe that

2—r
h+_—nlL— +

xL_z——3ir‘I/1L_3+-~-

G-nLz 2" 3_r 3_,
If we denote
2or gy A 7y I
£ = X —
3—rl 3—r 3—r !

we have the following Taylor expansion:

alty + &) = alty) + &()e + 1a(n)e” + (a(t)e + -+

2—r. . 1 C=nr* 5\,
=a(fh) + EG(IZ)IIL + (Ea(lz)x + ma(h)tl L
< r ) 2—r . Q2-r)? s )t3) =
+ ——3_r0€2 ]+—(3—r)2a(2)lx+—6(3—r)3a2 | + .-

We shall now analyse each of the three cases:
1. Now, we have

2—r
F=at+eL"" =ab)L'™" + T LT

so that
dy .
ds

2—r
W = PP = —a(@)Po (L) = S—al)n LT

Recalling that

dyr - _ _ r o
Ve vl = @,W)p T+ (35‘112 + = (P 0, W — "Ijlas"yl,x)) P
ds 2

we deduce for W; the following PDE:

2—r
Vi, =0—-na)Vi,— Ed(fz)fl

whose solution is given by

W) =2 ) +f(tt o )
=0 -nG—nam PR  han)
with f and arbitrary function.
For s = 0 we obtain
W= W () = —— LX), <z ; ;>
= Ok = e e T\ T e

from which we obtain

Wi+ (1= Psa(), i) = ——" Y (1 hsan)
1(X r)so 2’1’2_(1—}")(3—r)0l(t2)1x r)sa(is

X
oo (st )
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Hence,

-
sa(t)t + Wi (x + (1 = r)sa(t), t1,1).

2
W1(5)=—3_r

Therefore, we conclude that given any solution W (x, t, ;) of the potential r-dmKP equation
(30) and any analytic function «(#,) then

~ 2—r
Wi(x,t,h) = —;d(lz)tl + Wi (x + (1 = nNa(n), b, 1)

is a new solution of the equation. For u = —W , the symmetry transformation for a solution
of the -dmKP equation (32) is given by
ﬁ(x’ 1, t2) = M(x + (1 - r)a([2)7 I, t2)9

which for » = 1 is the identity transformation.
2. In this case

F=a(t,+e)L>"

3 oy 21, - 1 C-=n 2\,
=a(h)L +—3 a)n L + | -——at)x + ———=a)ty | L7+ -

—r 3—r 2(3 —1)?
so that
dyr. 1 dyr. 1 2—r, 1—
. = alt . — )P L'
e Yo =) a, v 3_r05(2)1
L stox+ @-r7 () | L™ +
— | —a)x+ ——=«
P TE S Ch
For ¥; we find the following PDE:
d-n2-r, [ e-n*_
v, = a(t)V - eV, — ——a(h)x — ————a(h)t
s = () Wiy, + 3, a(n)n VW, 3_r01(2)x 2(3_r)206( 2Dt

whose solution is given by

Ui(s) = gt + f (0= 200 @0 (70)
§) = x, s P} - ——x,s —_
1= SR E 2T 0o he-ne " T
with f being an arbitrary function and
1 @« 2-r & a\ ,
=—axt1+ —— | 2—1nN——-20-1nN— | 4.
& 3—rotxl+6(3—r)2 (( r)a ( r)ozz :
Setting s = 0 in (70) we arrive at
2B3—-r) a 1
U, =v = g(x,t1,t ht?———— Ty —). 71
I 1o =800 2)+f<2 ] (1—r)(2—r)dcx a) (71)

If in (71) we replace the independent variables x and #; by

1-rn2-r)

x(s)=x+s< G-1)

(s + 2t1)) , f1(s) =t + sa,

we deduce

}‘ttz—ﬂgxs+t—1 = Wi(x(s),11(5), 1) — g(x(5),t1(5), 1)
AT a-ne-na " T a PRSI R
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Hence, from (70), we infer that

Vi(s) = g(x, 11, 12) — g(x(5), 11(5), 12) + Wi (x(s), 11 (5), 12),

and therefore

Wi (s) — b A-n2-r, 5 I Q-n* _,
1(s) = ¥, (x—}—swa(sa + 2t1), 4 +sa,t2) — s3 — rotx — s2(3 — r)zatl
2—
— 5 66 )2((1 —é? + (2 — Nai) (3 + sa). (72)

Hence, given any solution W (x, #1, #;) of the potential r-dmKP equation (30) and any analytic
function a(z;) then

= (1-nN2-r),
U, =V, (x+ ———a(a+28),t +a, b

23—r)
[ Q-n* 2 - "
-3 rax — G- r)zatl — 6G = )2 —((1 — r)ot + 2 —rax)3t; + @) (73)
is a new solution of (30).
For u = —W,,, thus u solves the r-dmKP equation 32; the corresponding symmetry

transformation is given by

aA-rn2-r
23—-r)

which for r = 1 simplifies to

1
u(x,t,h) =u (X + a(t)(a(tr) +2t1), 11 + Ol(fz),l‘z) + Ed(lz),

iw(x,11,0) = u(x,t + a(h), ) + 3a(n).

3. Finally, we tackle the most involved case

F =a(t,+¢e)L>"

= a(t) L +

_r'(t)th_’—i—(;‘(t) +u
—prh R TE

b‘z(tﬁtf) L=

2 — Q-r* . S\,
+ < 3 Ol(fz)‘l’l + ——a@)nx+ ——— a(h)h) L™+

o 63— 1)}
so that
ey = a4 T o oy
dt, 3—r
- ( l —a(b)x + oo @, (tz)r2> P_L'"™ - (— LT
3— 23 —r)? ') —r
2— Q-rn* . 3\ .,
+ G )za(lz)ﬁx—i— ma(lz)ll)L + (74)
From (74) we deduce that W, (s) solves the following PDE:
\I-’lg:a\lll,—l—uo'ttl‘l/l,—i-(l—r)( a (z_r)zaz>\y1
! R n 3— 2(3 2ot o
2-r (2—r)3 -

+

(5(\111 ot x (75)

- dnX — ———— 1.
3-r G-r? 63— 1
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The general solution of (75) is

Wy (s) = o 7CD f<t1a—<2—r>/<3—r) xa—(1-1/G=")

2 r
S ;(;)(_2 r;r) fa 22 s 4 / 2 %) +8(x,11,1) (76)
where f is an arbitrary function and g is given by
2—r @ Q2-r)? & a*\ ,
g(x, 1, ) = maxtl + m <(3 — r)& -3 - 2r)¥)t1.
We define
o= [ aa
(1)
and define T by the relation
c(T) =s+c(tr)
or
/ T (77)
t a(t)
Observe that from (77) we derive
dr 1 1 dT  a(T(1rr))
o) am T d T an) 7o
and hence
d’T _ d_Toz(T) — Ol(l‘z). (79)

dZ T dn aln)

Now, we can write (76) as
W, (s) = a "G f(tla‘(z")/“"), o~ (1-n/G=n)

1 =12 —r)?
. ( r)( r) 2a—22-n/G=n)

23—z & c(T)> +g0xn,0),

which setting s = 0 reads

W, = g6 f(m Q@16 =(1=n/G=n)

1-rn2- r)2 2 20r)/(Ger) s
T TG ¢ d,c(n) | +g(x.11,1).

Then, we introduce the following curves:

—@2-r)/(3=r)
t(s) == T(12), 11(s) :=< a(t) ) .

a(T(n))
Ol(tz) —(1=r/(3-r)
x)= <a<T<r2>>) *
(1-rQ2-r?

56— T ale) T @(Tw) — )i
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which using (78) and (79) can be expressed as

n(s) == T(1), 1(s) i= (T()* /0,

(1—-nNQ-n*Tn) tz) (80)
23-1% T@m) ')’

x(s) 1= (T(t))1 /G (x n

With the curve parametrized as in (80) we see that

Coen/Ger  —nyiey (L =D@ =1, 2 dt
f<tloz @/G=0 yq= (170G )—Wl%a,SwL/

a(f)
= a(T)"C77 (W1 (x(s5), 11 (5), 12(5)) — g(x(5), 11 (s), 22(5))),
and therefore
Wi(s) = g(x, 11, 12) — T7C 7 g(x(s), 11(5), 12(8)) + T7C70 W (x(s), 11(5), 12(5)). (81)
Let us evaluate
gx,11,1) — T7C 7 g(x(5), 11(5), () = A(t2)xty + B(t)1y,

where
A 2T <E_T@>, (82)
B -r? \« a(T)
_e-r’ a a(l o> ,o(T)?
B (00 (G- Tam ) - e (- 7))
Q-r3 .a(T)

From (78), (79) and (82) we derive

2—r T
A=—G—5F (84)

A similar expression may be derived, using (78) and (79) and its consequences, for B solely
in terms of 7T and its derivatives. However, a faster way is to reckon Axt; + Btf as a solution
of (30) just by applying the symmetry to ¥; = 0. In doing so we find that

-
T 6(3—1)

and, hence, by taking into account (84) we deduce the following expression for B in terms
solely of T and its derivatives:

s Q-0 (T3 1 )
6B -r3\T 3-r12)°

Collecting (81) together with (80), (84) and (85) we deduce the following: If W(x,1,1,) is a

solution of the potential »-dmKP equation (30) and 7(#,) is an arbitrary function of #, then

2—r T 2 -r? <T 3 T2> 3

(A+r(3—rA?)

qll(xv tl’tz) = -

H———= - n
! T 3—-rT2

G763 —r3
(1-n@-nT

/G-y, (71-n/G-n .
+ ! oG T

,lz) DGy, T)

(86)
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is a new solution of (30). As previously for u = —W,, we have: given a solution u of the
r-dmKP equation (32) and an arbitary function 7(f,) then u is defined as

2—r T . 1=n@=r2T,\ .
=g TYOy (O (o d-ne-rn zr) —2), T/ T
G-t 26-n? T

(87)

is a new solution of (32).
We collect these results regarding the potential »-dmKP equation in the following:

Proposition 5. Given a solution V| of the potential r-dmKP equation

3—r B—=—nrnN1-=r QB —=rr
Vi, = m Lt — T“Ill,xx“pl,tl — ﬁqjl,xwl,xtl
3—r( -
_ %\p%’x\ylﬂ

and arbitrary functions a(t,), T(ty), the following functions are new solutions of the r-dmKP
equation:

- 2 —
Uy = S a)n + Wi+ (1= nat).n.b),
- 1 . 2 - r)2 . ) 2—r . )
v = —Ed(lz)x — ma(l‘z)ll — m((l — na(t)

+ 2 — nNa(h)a(t)) (3t + a(tr))

(1-n2-r.
+ ¥ (x + —————a(t)(a(tr) +2t1), 11 + a(t), lz)
23 —r)

22—y ) Q= (T 3 TW\ 5 2 o
Y= TG T T 66— (T(m B TW) i+ T

, N (1-rnQ2-n2T() . N
(1=r)/(B=r) 2 (2=r)/(B=r)
X <T(t2) <x + 2G - r)2 T(tz) [1> ,T(t) 1, T([z)) .

A similar proposition for the r-dmKP equation (32) follows.

Proposition 6. Given a solution u of the r-dmKP equation

3= B-—rn1-=r _1
utz - (2 _ r)z (8_)( M)[]t[ + 2 —r MX(ax I/t)[]
+r(3—r) _ (3—r)(1—r)u2M

2y 2 g
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and arbitrary functions a(t,), T(ty), the following functions are new solutions of the r-dmKP
equation:

i=u(x+ 1 —nral)t, b)),

. ) 1-n2-r,

u= G(tr) +u <x + —————a)(a() +21),4 + a(tz),tz) ,
—-r 23 —-r)

i 2=t T ti+ T ()% u

B =n?T(n)

o enae A=nNC=2T®) 5\ o oonsoe
(1=r)/(B=r) 2 2-r)/B=nr)
x (T(tg) (x My T(tz)tl) T (1) f, T(t2)>.

4.4. Symmetries of the potential r-dDym equation

We shall find three symmetries for the r-dDym equation (40). From (62) we deduce that

d&lfr - _
o Uil Ady P F(L M) =0,
where
d& 1 Xs 1—-r #1
S NS SO
ds

_é:xplir, r=1.

As for the previous case we pay particular attention to the case N =2, withn =1—r, 2 —r
and 3 — r, so that F' can be written as

( M > 1—r ( M ) 2—r < M ) 3—r
ol ——= L, ol —— | L and ol —= )L,
B -r)L? B-rL? (3—r)L?

and

M ot 2—r,t HL] 1 L 2-r’ a2 ) L2
o m —a(2)+Ea(2)1 + Ea(z)ﬁﬂ'ma(zh
Q-r?

(L atw + 2 swnr+ Z i) L
3o T G T T g3 Ty A

Proceeding as in the rdmKP case we derive (for a complete proof see [29]).

Proposition 7. Given a solution X of the potential r-dDym equation (r # 1)

- 3—r 1 - - 1 - -
thz = 2_r EXIIHXX — 1 —rXXt]th N
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and arbitrary functions a(ty), T(ty), the following functions are new solutions of the potential
r-dDym equation (r # 1):

X = X(x,11.0) — (1 — Ne(n),

= (I1-nN2-r, -
X = ———F———a()(alh) +2t;) + X(x, 11 + a(tr), 1),
23—r)

(1 =nQ=r?,T(n)

3G 12 IT.(”+T(tz)*“*’)/@*’)i(x,T(tz)@*”“*’)n,T(rz».
- 2

X =

Given a solution & of the potential r = 1 dDym equation

Szgx - 2$t1t1 - Zétl Stlx =0

new solutions € are given by

§

= a(t) + &x, 1, 1),
~ 1
§= Zd(fz)(a(lz) +21) +&(x, 11 +a(h), h),
g X . flz T(Iz) .
&= 7 log(T (%)) + gm + & (x, NEAGILP T(fz)) .

We also resume the results for the r-dDym equation (43).

Proposition 8. Given a solution v of the r-dDym equation
. 3—r
@2-n2

=1/, 2-rq—1 -2
vtz vr (U rax (UV U[]))tls

and arbitrary functions a(ty), T(t), the following functions are new solutions of the r-dDym
equations:

U= v(x, 1 + a(t), b)), b= T(t)" " u(x, T(1) 51, T(1)).

4.5. Symmetries of the r-dToda equation

The r-dToda equation (52a) mixes the independent variables x, #; and 7;. Let us analyse the
symmetries associated with the ¢, -flow, i.e. study the action of additional symmetries generated
by F(L, M). Suppose that N = 1, then we have the cases n = 1 —r and 2 — r, so that we have
two different generators, namely

( M ) - ( M ) o
al —— )L and al ——— ).
2-rL 2—-rL

There are also additional symmetries associated with the 7, flow. Now N = 1, n = —r
and n = 1 — r and there are two different generators:

(M . (M -
o - L™ and o - L.
—rL-1 —rL-!

We have the following (for a complete proof see [29]).
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Proposition 9. Given a solution X of the r-dToda equation

((XX)*(Z*V)/(I*r))X _ 1 (ﬁ) =0,
il

(l—r)r Xx

and arbitrary functions a(t,), T(ty), a(t,) and T(), the following functions are new solutions
of the r-dToda equation:

X =Xn.0)—(-nat),  X=T0) DR Tn). 7)),
X = X(x+ (1 = Pad).n.h), X = X(T(5) """, 1, T(0)).

Finally, observe that the symmetries derived for the » =1 case, i.e. the Boyer—Finley
equation (exp(§y))x + &,7, = 0, the symmetries are the well known, since 1986 by P Olver,
conformal symmetries of the dToda equation.

4.6. Some solutions

Now we study the 7, invariance on the potential of r-dDym equation (40) and using the Miura
type map, corresponding to solutions for the #, invariant solutions of the -dmKP equation (32),
which we may call r dispersionless modified Boussinesq equation. We analyse here solutions
of the (40) which do not depend on one of the variables #,. Thus, (40) simplifies to

1- ”)Xtm X, =Q2- ”)thl le
which can be written as

(log(X; ™))y, = (log(XZ™),,
so that

This last equation is equivalent to
1
K (x)
where k' is the derivative of k(x), an arbitrary function of x. Thus, if we introduce the variable
X = k(x) we have
X = X\,
This is a first-order nonlinear (for 1 —r # 0) PDE, and we will solve it by the the method of

the complete solution. First observe that a complete integral is X (¥, 11; a, b) = a'!™"/® % +
at; + b. Then, the corresponding envelope is given by

X(x,0) = alk(x), )" k() + alk(x), 1t + flatk(x), 1)
which depends on two arbitrary functions k and f on one variable, being therefore a general
solution. For example, if f =0, by applying the symmetries given in proposition 7, we have
the following new solutions:

- 2—r
X= K(t’f# — (1 = Pa(n),

1

x =

v (1-)/2—r)
X, ,

o 1-rn2-r). K(x)Z—r
X= =g @) +20) + e
Fo _ A1-nNQ2-r?*,Tt) K(x)>"

2G-12 T T T
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The second and third families are nontrivial solutions depending on the two arbitrary functions
of one variable each. Finally, another example is given by f(a) = —(2 —r)/(1 +r)a?>="/0+",
by introducing the functions

: (=3 1 l—r¥
F:= | 108t + 12+/3./4 3412, = —_F 42 =
vt f\/ et =t e T F

— X h 2—r ,
X=|-+—-5- oa.
o o 1+r

We shall use the Miura map

a solution is

—— X, (X (x,t1,12), 1, 12) = u(x, 1, ¢
T-n2-n n(X (01, 0), 0, 0) = u(x,ty, 1)
to get a solution of the r-dmKP equation. The corresponding solution of the r-dmKP
equation (32)
1 x (88)
u= —
2—rh
for the potential r-dmKP, and after applying the three master symmetries described above we
get the following solutions:

~ 2—r. 1 x + (1 = Na(tr))?
v = — Ea(l‘z)fl T 22-n B ,
1 Q-m* ., 1 o+ SRS Ram) (@) +2m))?
R T TC P TRl v7 ya h+al)
- %((1 — i)’ + 2 = Na)i() 3 + a(i),
~ 2—r Tt Q=0 (1T@w) 1+rTm)* 4 1 x?
T TN Twm 26— <§T<r2> -4 T’(t2>2> L 22-nn

5. Twistor equations
Previously, we have introduced the Lax and Orlov functions as the following canonical
transformations of the pair p, x:
L =Ady_.cxpips €= Ady._.expips L =Ady, .cxpip
M := Ady_.cxpeX, = Ady_ . expix, M := Ady . oxpix.
Thus, they satisfy
(L,M}=L", (&, m)y =10, (L,M}y=L".
Other important functions are
P := Ad, p, 0 = Ady x, P = Adj, p, Q = Adj x
for which we have

{P’Q}:Pr’ {IS’Q_}:PV
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These functions result from the canonical transformation of the p, x variables generated by the
initial conditions £, & of the factorization problem (4).
It is easy to prove that

Proposition 10. For any solution v . and > of the factorization problem (4) the following
twistor equations hold:

P(L,M) = P(L,M), O(L,M) = Q(L,M). (89)
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